We study gravitational perturbations sourced by a rotating test shell collapsing into fivedimensional Myers-Perry black holes in Anti-de Sitter (AdS). Our attention is restricted to the case in which the two possible angular momenta of the geometry are set equal. In this situation the background is cohomogeneity-1, which amounts to a crucial technical simplification. It is found that the linearized Einstein equations are consistent only when the test shell is corotating with the spacetime. However, it is argued that this is a consequence of the matter on the shell being described by dust or, more precisely, non-interacting test particles. We compute the mass and angular momenta of the perturbed spacetime using a counterterm subtraction method, for which we provide an explicit formula that has not appeared previously in the literature. The results are in agreement with the expected expressions for energy and angular momenta of geodesic particles in AdS5.
I. INTRODUCTION
Addressing rotation in the context of General Relativity (GR) is a notoriously difficult problem. Even when considering an isolated object, rotation deforms bodies away from sphericity, explicitly introducing dependence on polar angles. Conjugated with the non-linearity of the theory, this basic fact hampers attempts to analytically solve the field equations unless some solution-generation technique is applicable. Just to give an example from black hole (BH) physics, it took roughly half a century to discover the rotating generalization [1] of the fourdimensional static black hole. Even when considering the linearization around a given rotating solution, the issue of its stability is far from trivial [2] .
Nevertheless, rotation obviously plays a crucial role in astrophysical systems. In axisymmetric gravitational collapse of stars the presence of angular momentum can generate centrifugal forces strong enough to prevent the formation of a black hole, leading instead to a bounce. This phenomenon has been demonstrated numerically [3, 4] ; generically there is little analytic control over such collapses. A derivation of this effect, by focusing on the dynamics on the equatorial plane, was reported several years before in Ref. [5] but it made use of some assumptions not entirely justified.
There is by now a vast literature on the subject of gravitational collapse but it is almost entirely dedicated to spherically symmetric scenarios (see, e.g. [6] ). The situation concerning collapse with rotation is much less developed. A very useful approach, due to its simplicity, is to consider collapsing shells of matter but, even so, the inclusion of rotation typically impedes a full analytic treatment of the problem. A few exceptions are provided by Refs. [7, 8] , which rely on a slow rotation approximation. More recently, an interesting study by Mann et al. [9] was able to tackle the problem exactly, at the expense of considering three spacetime dimensions.
In this paper we investigate gravitational perturbations induced by a collapsing shell of test particles into a rotating black hole in five dimensions, with a negative cosmological constant. This is the same approach adopted in [10] , where perturbations of the threedimensional rotating black hole in AdS by an in-falling circular ring of test particles were examined. Here, however, we shall perturb the BH spacetime with a continuous test shell preserving all the angular symmetry of the five-dimensional background. In higher dimensions there can be several independent angular momenta [33] . We take advantage of the fact that, in odd dimensions (D ≥ 5), when all the angular momenta are equaland we restrict to this case -the rotating black hole geometry is cohomogeneity-1 [11] , allowing to describe the solution by functions of only one coordinate. The black hole event horizon and all constant radial surfaces are topologically odd-dimensional spheres. Such spaces can be endowed with metrics that break isotropy but preserve homogeneity and this was fruitfully used in Ref. [12] to study vacuum gravitational collapse with rotation but in a numerically less-demanding scenario. For simplicity we will consider the five-dimensional case but, as discussed in Section V, we expect that our results may generalize to higher odd dimensions without much effort.
Our study can be regarded as an extension of an anal-ysis by Zerilli (see Appendix G of Ref. [13] ) to higher dimensions and by the addition of two more parameters (rotation and cosmological constant). In the non-rotating case the metric perturbation can be expanded in higher D spherical harmonics, which all decouple in the linearized Einstein equations, and our results describe the solution of the lowest harmonic, i.e. monopole perturbation. However, for non-vanishing spin of the background the equations no longer decouple and our solution cannot be expected to describe the projection of the perturbed metric onto the lowest angular harmonic (zero mode) when the source breaks the angular symmetry of the background.
The motivation for such a study is at least twofold. First, the analysis of linearized perturbations allows in principle to identify the 'energy' and 'angular momentum' of a rotating test shell in five-dimensional, asymptotically AdS spacetimes. This in turn determines the variation of the charges of the spacetime caused by each point particle. Such knowledge is essential to perform tests of the cosmic censorship conjecture [14] in such spacetimes, by attempting to overspin extremal rotating black holes with point particles as envisaged originally by Wald [15] and extended recently to higher dimensions in Ref. [16] , and spacetimes with a cosmological constant in Refs. [10, 17, 18] .
On the other hand, gravitational collapse in AdS spacetimes has important implications for thermalization of strongly coupled Conformal Field Theories (CFTs) via the gauge-gravity duality (see [19] for a review). In Ref. [20] the fast thermalization process of a CFT (on a sphere) perturbed away from vacuum by a homogeneous short pulse was inferred by following the spherically symmetric collapse of a scalar field into a black hole in the holographic dual setting (see [21, 22] for related numerical works). It is naturally desirable to know if the inclusion of rotation has some impact on this picture, as all of these studies rely on spherical symmetry.
The outline of the paper is the following. In the next section we briefly present the black hole geometries we shall consider. In Section III we discuss the linearized Einstein equations, the geodesics on this spacetime and the stress-energy tensor the test particles generate. These linearized perturbation equations are then solved in Section IV and the result is used to determine the variation of the mass and angular momentum of the spacetime caused by the test particles. We conclude in Section V with some discussion and remarks. The appendices gather several technical details concerning gaugefixing and solving the gravitational perturbation equations.
II. EQUALLY SPINNING BLACK HOLES IN 5D
In this section we gather the relevant details about fivedimensional rotating black holes with a negative cosmological constant, when both angular momenta are equal. These spacetimes will serve as a background on top of which we analyse linear perturbations in Sec. IV. These black hole solutions in AdS 5 were first presented in [23] and have been extended to arbitrary dimensions D ≥ 4 in [24, 25] , thus generalizing the well known Myers-Perry family [26] to include a cosmological constant.
In five spacetime dimensions one can pick two orthogonal planes of rotation. In general the solution is parametrized by two independent angular momenta a 1 and a 2 , in addition to a mass parameter M . As shown in [11] , when the rotation parameters are set equal, a 1 = a 2 = a, the isometry group gets enhanced and the solution becomes cohomogeneity-1. The geometry essentially depends on a single radial coordinate only, and the metric can be written as follows:
where
In the above expressions g ab represents the Fubini-Study metric on the complex projective space CP 1 , which is isomorphic to the sphere S 2 , and A = A a dx a is its Kähler potential:
The above form of the metric (1) extends to all higher odd dimensions D = 2N +3 [11] : this is made possible by the fact that the sphere S 2N +1 can be written as an S 1 bundle over CP N . For the case D = 5 on which we concentrate, this corresponds to the familiar Hopf fibration. The coordinate ψ parametrizes the S 1 fiber and has period 2π. The two orthogonal rotation planes correspond to θ = 0 and θ = π in these coordinates, i.e., the rotation planes are mapped to the poles of the S 2 . This metric is a solution of the Einstein equations with a negative cosmological constant,
The largest real root, r + , of g −2 marks an event horizon which possesses the geometry of a homogeneously squashed S 3 (written above as its Hopf fibration). The mass M and angular momentum J of the spacetime are given by [11] 
In the expressions above and in the rest of the manuscript we will use natural units, normalizing the speed of light to c = 1, but we shall explicitly keep factors of the Newton constant G.
III. LINEARIZED GRAVITATIONAL PERTURBATIONS
We are interested in investigating the consequences of perturbing the background spacetime by a (comparatively light) in-falling membrane of test particles homogeneously distributed on the squashed S 3 . The meaning of this will be made precise in section III A. For now we just remark that this situation preserves the full rotational symmetry of the background [34] , and in particular the equal angular momentum property. Of course, stationarity is lost due to the presence of the in-falling test particles.
For this study we will adopt the framework of linearized perturbations. The perturbed metric is obtained from the background metric g µν by
As mentioned previously, the background metrics we shall consider are solutions of the sourceless cosmological Einstein equations in 5 dimensions and reads
Here G µν = R µν − 1 2 g µν R denotes the Einstein tensor, Λ ≡ −4/ 2 represents the (negative) cosmological constant and is the AdS radius. The linearized perturbation equations derived from (9) are the following [27, 28] :
where covariant derivatives are taken with respect to the background metric and h ≡ g µν h µν denotes the trace of the metric perturbation. T µν is the stress-energy tensor of the test particles that will drive the perturbation. By virtue of the Bianchi identity, the stress-energy tensor must be divergenceless to ensure consistency of equations (10) . This occurs if and only if the source particles follow geodesics. These equations easily generalize to higher spacetime dimensions.
Particularizing to the background vacuum solution (1), the linearized perturbation equations become
In Sec. III B we will determine the generic form of the stress-energy tensor for a shell of test particles that preserves all of the angular isometries of the background. As usual, diffeomorphism invariance of the theory implies the existence of gauge freedom that can be used to eliminate some terms appearing in the differential operator on the left hand side of Eq. (11) . Typically, the choice of transverse traceless gauge is made, reducing the differential operator to the Lichnerowicz operator. However, the expected form of the perturbation, i.e. one leading to a shift of the mass and rotation parameters
in the region outside the shell is not consistent with such gauge-fixing. We will find it more convenient to make a different gauge choice, one that preserves the symmetry of the background. This is discussed in Appendix A.
A. Conserved quantities and geodesics
Consider a test particle moving along some geodesic of the spacetime (1) . The world line is described by
where τ is an affine parameter. A rotating stationary spacetime specified by a metric tensor g µν possesses both timelike and rotational Killing vectors, from which we can build three conserved quantities,
where the dot indicates derivation with respect to τ . Now, note that
so a test particle whose motion lies entirely in the rotation plane θ = 0 has L φ = 1 2 L ψ . Similarly, a test particle whose motion lies entirely in the rotation plane θ = π has
In fact, there exist geodesics obeying (17) for any value of θ and φ. Such geodesics simply correspond to static trajectories on the S 2 and they have
Thus, to preserve the most amount of symmetry of the background, in this work we will consider a membrane of test particles homogeneously smeared over the S 2 , with each point particle in-falling radially. The particles will also be homogeneously distributed over the S 1 but they will possess some rotation along the ψ direction (see Fig. 1 ).
The remaining equations governing the test particle trajectories are easily obtained by inverting (13) and (14) and using g µνż µżν = − to obtain the radial equation:
where = 1, 0 for timelike or null geodesics, respectively. In these equations the metric functions f, g, h, Ω should all be considered as functions of R(τ ) instead of r.
In this work we will restrict to the case = 0, corresponding to null geodesics which reach the timelike boundary of AdS. Although it is not immediate how to define separately the black hole and the test particle when the latter cannot be moved all the way out to timelike infinity, one can nevertheless compute the effect that the introduction of a test particle in the background geometry has on the energy and angular momenta of the spacetime. This will be done in Sec. IV.
B. The stress-energy tensor
For a single point particle of rest-mass m 0 the stressenergy tensor is given by [13] 
where, recall, τ denotes an affine parameter along the worldline z µ (τ ). As mentioned before, we will perturb the background spacetime with test particles homogeneously (and continuously) distributed over both the S 1 and S 2 . The stressenergy tensor will thus be a function of the coordinates t and r only, and it can be computed by a simple change of variables. After performing the time integral and then integrating over the angular coordinates (to yield T µν (pp) smeared over the squashed S 3 ) we obtain [13, 29] 
For massive particles the quantity m 0 appearing in (23) is the mass density of the test shell. For massless particles the form (22) for the stress-energy tensor is still valid [27] but the parameter m 0 should then be interpreted as an energy density throughout the shell. The covariant components of the stress-energy tensor may be expressed as follows:
The components ϑ µθ all vanish. This stress-energy tensor is traceless (T µ µ = 0) and conserved (∇ µ T µν = 0), as is imposed by the Bianchi identities. Note that using the relations
one can express ϑ tψ in terms of L ψ and both ϑ tφ and ϑ ψφ in terms of L φ .
IV. SOLVING THE LINEARIZED PERTURBATION EQUATIONS
In this section we will solve the perturbation equations (11), with stress-energy tensor given by Eq. (23) .
To this end, we begin by gauge-fixing so that the metric perturbation h µν takes a convenient form, similar to that dictated by a (time-independent) shift of mass and angular momentum. Several perturbation components automatically vanish, which simplifies the process of solving the perturbation equations. Having a solution we may then infer the effect the test shell has on the spacetime, namely determine the change in mass δM and in angular momentum δJ imputed on the background. This was essentially the same strategy followed in the much simpler (2 + 1)-dimensional case [10] . A similar approach is followed in Ref. [28] , even though with a different problem in mind.
We will first consider the fully non-rotating case, where the background is static and the test shell infalls radially. This is a instructive limit because it can be solved fully analytically and builds up some intuition for the rotating case, which we address in a separate subsection.
In Appendix A it is shown that the metric perturbation can be gauge-fixed into the following form, possessing only four independent components:
A factor of g(r) 4 is inserted in the {rr} component for convenience.
Therefore, we have a total of fifteen equations to solve for only four functions (of t and r). Not all of equations (11) are linearly independent. In fact, there is only one dynamical equation which determines one of the nontrivial perturbation components, say h ψψ . The other components are fixed by constraint equations. This is in agreement with the appendix of reference [28] .
A. The non-rotating case
In the non-rotating case (a = 0 and L ψ = 0) one can in fact gauge-fix so that h tψ = h ψψ = 0 (see Appendix A). The metric perturbation has only two non-trivial components: h tt and h rr .
As mentioned above, in this special case one can solve the linearized perturbation equations exactly. The system of fifteen equations reduces to just four equations, corresponding to components {tt}, {tr}, {rr},
in addition to a longer and not so enlightning equation from the {ψψ} component, which we avoid presenting. The remaining equations are either trivially satisfied or linearly dependent of the former. It is straightforward to solve the system (29) (30) (31) and the final result is
Here, C 1 is a constant and C 2 represents an arbitrary function of t. We have used Eq. (19) to replaceṪ in (31) . It can be checked that this solution also satisfies the remaining independent equation arising from the {ψψ} component. The solution for the asymptotically flat case can be easily obtained by taking the → ∞ limit. Some comments regarding the solution (32-33) are now in order. The terms not proportional to m 0 are obviously not sourced by the test particles. The terms proportional to C 1 correspond to a simple (static) perturbation of the mass parameter. On the other hand, the time-dependent term C 2 (t) can be gauged away by using the residual gauge freedom discussed in Appendix A. Thus we may set C 1 = C 2 (t) = 0. The component h rr then takes exactly the form that would be expected: it is proportional to r −2 and to the Heaviside function Θ(r − R(t)). The {tt} component on the other hand is more involved, though still proportional to Θ(r − R(t)). It appears to grow as r 2 but this is again a gauge artifact. The residual gauge freedom can also be used to eliminate the entire second term inside square brackets in Eq. (32), at the expense of introducing some non trivial behavior for r < R(t). Stated differently, if we completely gauge-fix by requiring the metric perturbations to decay as r → ∞, then h tt = h rr = O(r −2 ) for r > R(t). In that case, h tt = h rr for r > R(t) although h tt then acquires non-trivial support inside the test shell.
Nevertheless, it is the h rr component that determines the mass of the spacetime. This can be computed using the quasi-local stress tensor formalism of Ref. [30] , which relies on a counterterm subtraction method. For an asymptotically AdS 5 spacetime the required counterterms to render the boundary stress tensor finite have been identified in [30] , to which we refer for details of the computation. A long but straightforward calculation reveals that the variation in the mass of the spacetime is given by
i.e. it is determined by the net energy m 0 E of the test particles (the factor of 8π 2 accounts for the integration of the continuous distribution over the 3-sphere).
We conclude that the test shell in this non-rotating setting has the effect (at linear level) of adding an energy 8π 2 m 0 E/G to the background spacetime.
B. The rotating case
In the fully rotating case we have 4 functions of t and r to solve for. The linearized Einstein equations are very lengthy but can be reduced to a system of 4 equations (see Appendix B): a decoupled second order PDE for h ψψ , a coupled ODE that determines h tψ once h ψψ is given, and two constraint equations that fix h rr and h tt once the other two non-trivial components are known. In the rotating case the non-homogeneous PDE for h ψψ does not seem possible to solve in closed form. Nevertheless, one can find a solution in the form of an asymptotic expansion in powers of 1/r and 1/R(t) near the boundary of AdS. This is in fact all we need to compute the conserved charges of the test shell.
Given the general form of the differential equations being solved -with source terms proportional to delta distributions and step functions -we seek solutions of the form
for some tensor field η µν (R(t), r). This is also what is expected on physical grounds: perturbations preserving the full U (2) spatial symmetry of the background vanish inside the shell, modulo a residual gauge freedom similar to the non-rotating case. Inserting this ansatz in Eqs. (B1-B4) we obtain a system of differential equations coming from the terms proportional to Θ(r − R(t)), which are supplemented by a set of boundary conditions stemming from the terms proportional to δ(r − R(t)) and δ (r − R(t)) (see Appendix C).
Let us focus on the decoupled equation (B1) governing the component h ψψ . Application of the ansatz (35) returns a long non-homogeneous second-order PDE for η ψψ . It can be shown that
is a particular solution of this non-homogeneous equation. A close examination reveals that the associated homogeneous equation is separable, η ψψ (R, r) = Σ(R)σ(r).
The solutions for each of the two functions σ and Σ can be expressed in an asymptotic power series in 1/r and 1/R(t), respectively, and the result is
Here, the integration variable κ is the separability constant and the integration stems from the basic fact that any linear combination of solutions -parametrized by κ -will also give a solution to the homogeneous equation. Defining
we may write the general asymptotic solution as
where the dots refer to higher order terms in 1/r and 1/R that when evaluated at r = R(t) become O(R −8 ). The constraint (C3) yields the simple boundary condition L 2 ψ η ψψ (R, R) = 0. If L ψ = 0 this fixes the parameters A i to be
Thus, the solution at this point takes the simpler form
To complete the determination of h ψψ we must also impose the boundary conditions (C4) and (C5). Plugging the solution (43) in either (C4) or (C5) returns an equation of the form
where Y (R) is an unenlightening rational function of R.
So the boundary conditions can only be satisfied -for generic values of the radial position of the test shell -if L ψ = 0 (assuming m 0 = 0, otherwise there would be no test particles). In this case the asymptotic solution (39) satisfying boundary conditions (C4) and (C5) turns out to be
which can equally be obtained by taking the limit L ψ → 0 in (43).
We conclude that in general the (hyperbolic) PDE for the component h ψψ has no non-trivial solution satisfying the boundary conditions. The only consistent case is L ψ = 0, for which an asymptotic solution can indeed be found. In other words, a shell of perfect fluid dust preserving the full spatial symmetry of the background but not co-rotating with the spacetime is inconsistent with the linearized Einstein equations. Thus, we restrict to L ψ = 0 in the remainder of this section. It is easy to see from Eq. (21) that in this case the motion of the (null) test shell indeed describes a full collapse, i.e., a bounce never occurs.
Following the same strategy, we can now straightforwardly compute the remaining non-trivial metric perturbation components by integrating Eqs. (B2-B4) . In doing so, we must keep terms up to order O(r −6 ), including terms up to order r
−6 ), and r 2 O(R(t) −8 ), which contribute at the same order when imposing the boundary conditions at r = R(t). The final result is
This is in full agreement with the exact result obtained for the non-rotating case: this asymptotic solution reduces to Eqs. (32) and (33) when a = 0 (up to higher order corrections in powers of R(t) −1 ). Observe that we cannot take the flat limit → ∞ consistently from the above asymptotic solution: terms of subleading order in powers of R(t) -which are being discarded in Eqs. (46-49) -will generically introduce extra factors of .
In writing the above solution we have set some integration constants to zero in order to retain only the part sourced by the test shell that interests us. Expressions (46) and (48) explicitly show that h ψψ and h rr both decay as r −2 . As in the non-rotating case, here we can also resort to the residual gauge freedom to eliminate the O(r 2 ) terms that appear in (47) and (49), at the expense of introducing non trivial behavior for r < R(t) [see Appendix A]. It turns out that after performing this residual gauge-fixing the component h tψ becomes of order O(r −4 ). Adopting the quasi-local stress tensor approach of [30] , these linear perturbations determine the variation of the mass and angular momentum of the spacetime, which are given by
Note the result for the increment in mass is the same as in the non-rotating case, Eq. (34): the finite terms (in the limit r → ∞) coming from h rr that are proportional to a 2 M exactly cancel the contribution from h ψψ . The variation in the angular momentum vanishes, as expected since we considered a co-rotating test shell. To be precise, the quantity computed in Eq. (51) is the change in the ψ−component of the angular momentum of the spacetime -the only component that is initially nonzero. The variations of the other two angular components trivially vanish.
V. DISCUSSION
In this work we have studied the collapse of a rotating shell of null test particles towards a five-dimensional rotating black hole in asymptotically AdS spacetime with equal rotation parameters. We employed a perturbative approach by considering the afore-mentioned black hole geometry as a fixed background, and studying the (linearized) effects of a test shell preserving all the rotational symmetry of the spacetime.
We first considered the non-rotating case, which is instructive because the linearized Einstein equations can be solved exactly. The presence of the shell increases the total energy of the spacetime by an amount precisely equal to the mass of the shell. For the fully rotating case we were only able to solve the perturbation equations asymptotically. Nevertheless, this was sufficient to show that the introduction of a continuous and homogeneous distribution of (non-interacting) test particles preserving the U (2) symmetry of the equally-rotating MP-AdS 5 background is only consistent if the angular momentum parameter of the particles vanishes, L ψ = 0, i.e., if the shell is co-rotating with the background.
In practice, the non-interacting character of the test particles constituting the shell, which is sourcing the perturbations, translates into the shell equation of state being that of dust. The above conclusion implies that, if we want to consider a general L ψ = 0 case, we must add extra terms to the stress-energy tensor to alter the angular momentum of the black hole. Roughly speaking, the perfect fluid form of the stress-energy tensor does not carry the appropriate charge to affect the spin of the black hole, and consistency of the linearized Einstein equations for L ψ = 0 requires the introduction of additional forces. The angular momentum of the test shell should be given by an off diagonal element of the stressenergy tensor, namely T tψ . So one expects that at least some momentum flux is needed for consistency. This is indeed confirmed by an exact treatment that will be pre-sented elsewhere [31] .
It seems very likely that our results for the 5D equally spinning Myers-Perry-AdS black hole generalizes to all odd higher dimensions, since the structure of the linearized equations remains unaltered. In particular, there should still be four independent equations governing the perturbations, even though the total number of degrees of freedom grows as D 2 . This is a consequence of the high degree of symmetry we impose on the perturbed spacetime. The specific case we studied has equal angular momenta in the two independent rotation planes but in less symmetric situations we expect similar results. In particular, a thin dust shell in such a spacetime must be co-rotating, otherwise it must be composed of a nonperfect fluid.
As a byproduct of our studies, we derived explicit expressions for the change in mass and angular momentum of these spacetimes induced by the test shell though the gravitational perturbations it sources. The counterterm prescription we adopted [30] , also known as the quasilocal stress tensor formalism, reproduces the expected results. In any case, the expressions obtained, Eqs. (50) and (51), are generically valid for gravitational perturbations of these spacetimes that preserve the background angular symmetry and its AdS asymptotics. This provides a hint that this procedure may also give consistent results in a non linear situation, e.g. backreacted collapse or BH collision in AdS, provided the gauge is suitably chosen, namely that the spacetime is asymptotically locally AdS.
A point worth mentioning is related to the explicit time dependence in the asymptotic solution found for the rotating case, Eqs. (46-49). As discussed in [12, 32] , even though the full angular symmetry of the background is preserved by the perturbations considered, the BirkhoffJebsen theorem can be evaded in odd dimensions. Therefore, the spacetime outside the test shell need not be static, nor even stationary, as it turns out to be the case.
In this investigation we have resorted to gauge-fixing in order to solve the perturbation equations. Alternatively, we could have chosen to work with a gauge-invariant formulation, as done in Ref. [28] to study sourceless perturbations. It would be interesting to extend that technology to non-vacuum perturbations. 
we manage to eliminate the components h tr , h rψ , h rφ and h θθ , thus bringing the metric perturbation to the form (28) .
The gauge-fixing we have just performed still leaves some residual gauge freedom: one can still make a coordinate transformation defined by ξ res µ the non-homogeneous terms. This can be done as follows.
Plugging in solutions of the form (35) the differential equation will take the general form S(R(t), r) Θ(r − R(t)) + P (R(t), r) δ(r − R(t)) +Q(R(t), r) δ (r − R(t)) = 0 . (C1)
One concludes immediately that the coefficient of the Heaviside function must vanish since it is the only term with support away from r = R(t). By integrating in r or in R we obtain three other constraints that may be regarded as boundary conditions. The final result is S(R, r) = 0 , (C2) Q(R, R) = 0 , (C3) P (R, R) − ∂ r Q(R, R) = 0 , (C4) P (R, R) + ∂ R Q(R, R) = 0 .
In fact, assuming Q to be an analytic function in the variable r, equation (C5) can be derived from Eqs. (C3) and (C4), so it needs not be imposed separately.
